The d-dimensional scalar field action may be reduced, in the background geometry of a black hole, to a 2-dimensional effective action. In the near horizon region, it appears a gravitational anomaly: the energymomentum tensor of the scalar field is not conserved anymore. This anomaly is removed by introducing a term related to the Hawking temperature of the black hole. Even if the temperature term introduced is not covariant, a gauge transformation may restore the covariance. We apply this method to compute the temperature of the dilatonic non asymptotically flat black holes. We compare the results with those obtained through other methods. *
Introduction
After Hawking has discovered that the black holes are not completely black, since they can emit particles with a black body spectrum with a temperature proportional to the surface gravity at the horizon [1] , the black hole temperature phenomena has been re-discovered through many different approaches. The black hole particle emission comes from the fact that the vacuum state near the horizon is not the same as the vacuum state at infinity. Hence, an observer placed in the spatial infinity receives a particle flux, in the high frequency regime, with the same characteristics of a black body object [2, 3, 4] .
Many different techniques have been proposed to compute the temperature of a black hole [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . A number of these techniques may be used both for asymptotically flat and asymptotically nonflat black holes. One of the more recent techniques has been proposed in the reference [15] and employ the concept of gravitational anomaly, which is characterized by a violation of the energy-momentum conservation law. It is also called Einstein's anomaly.
Essentially, the method based on the gravitational anomaly consists in reducing the scalar field action, originally written in D dimensions, into a two-dimensional effective chiral action in the vicinity of the horizon (r = r H + δ). The gravitational anomaly results from chiral theories [16, 17, 18, 19, 20] since the symmetry between ingoing and outgoing modes is broken. The gravitational anomaly method has been applied to static and dynamics background [21, 22, 23] .
For a charged black hole, besides the gravitational anomaly, there is the gauge anomaly near the horizon, which is connected to the non-conservation of the four-current [16, 24] . In the same way, for a rotating black hole the quantum number m, connected with the angular momentum, plays the rôle of a charge, and may also lead to the appearance of the gravitational anomaly [25] .
We will apply the gravitational anomaly methodology to a class of nonasymptotically flat (NAF) black holes that appears in the Einstein-MaxwellDilaton (EMD) theory. Specifically, we will consider the linear dilaton case, for which the coupling constant between the scalar field, the Maxwell field and gravity is equal to unity. Since the EMD theory contains a scalar field coupled non-minimally to the maxwellian field, such theory can be mapped, through a conformal transformation, to the effective string theory. Such connection between EMD theory and string theory is one of the reason for the interest in such structures.
We will study more in detail three cases concerning the linear dilatonic solutions: the massive and non-massive static solutions [26] and the rotating solution [27] . We will also consider the topological massive 1 + 2 dimensional black hole, coming from a Chern-Simon term coupled to gravity [28] . Our approach will consist in considering a non-covariant formulation of the gravitational anomaly, but we will show that the final results are in agreement with a covariant approach for the energy-momentum tensor and charge flux [29, 30, 31] . This paper is organized as follows. In next section we revise the noncovariant gravitational anomaly methodology, showing how the Hawking temperature cancels the anomaly in the vicinity of the horizon. In Section 3, we apply this procedure to linear dilatonic massive and non massive static black holes. For the last case, there is a gauge anomaly besides the gravitational anomaly. The non massive case represents a massless and chargeless black hole, with a non null surface gravity. However, we show that its Hawking temperature is zero in agreement with the result of reference [32] . In section 4, the dilatonic rotating linear case is analysed. In section 5, the topologically massive black hole is studied. In section 6, we present our conclusions. We include an appendix to show the consistence of the results obtained through the non covariant formulation of the gravitational anomaly with those obtained from the covariant formulation.
Review of the methodology
We will be working in this paper with the evaluation of the Hawking temperature via gravitational anomaly developped in the references [15, 24, 25] . In order to apply this formalism, the action of a scalar field in a D-dimensional space-time background must reduced to an infinite collection of scalar fields in 1 + 1 dimensions. The coordinates are (t, r), r indicating the radial direction and t the time coordinate.
The static spherical symmetric D-dimensional metric is given by,
with f (r) admitting a horizon at f (r = r H ) = 0. The action of the scalar field in the limit r → r H , for the metric (1), is given by,
γ being the determinant of the angular section dΩ 2 and ∇ Ω a collection of angular derivatives. The scalar field ϕ has been expanded in terms of spherical harmonic functions in D − 2 dimensions labelled by the index n, and a constant term that appears in the near-horizon approximation has been discarded since it does not contribute to the equations of motion [33] . The orthogonality of the spherical harmonic functions has also been used. Hence, near the horizon, the field can be described by an infinite collection of fields living in the space-time (1 + 1) given by the metric,
We end up with a two-dimensional action, corresponding to an effective theory near the horizon. In this action we can impose the condition the ingoing modes are absent, since we are interested in the radiation arriving at infinity. This effective near horizon theory will then be connected with a non chiral theory outside the horizon, which contains both the ingoing and outgoing modes. The gravitational anomaly to be treated here is represented by the non conservation of the energy-momentum tensor in two dimensions. The energy-momentum tensor refers to the scalar field living in the space-time determined by the black hole. Hence, even if the space-time may be asymptotically flat, the energy-momentum tensor may be non-null at infinity representing, at this region the particle flux from the hole. In the region, r H < r ≤ r H + δ the anomaly is given by, [15, 17, 19] :
where,
with ǫ 01 = ǫ tr = 1 and ( ′ ) is a derivative with respect to r. For the metric (3), it is easy to see that it is a timelike anomaly, Ξ t = 0 and Ξ r = 0.
In the external region, where r > r H + δ, the usual conservation law is satisfied, ∇ µ T µ ν (r) = 0.
The equation (4) must be solved in two regions, r H < r ≤ r H + δ, where the anomalies appear, and r > r H + δ, where there is no anomaly.
• For r > r H + δ,
• For r H < r ≤ r H + δ,
In the expressions above a 0 and a H are integration constants. We combine the energy-momentum tensor in the two regions, leading to,
where Θ H (r) = Θ(r − r H − δ) is the step function and H(r) = 1 − Θ H (r) a hat function which is 1 in the region r H < r ≤ r H + δ and zero outside this region. Through the transformation,
, the anomaly of the effective action (suppressing the ingoing modes as described above) is given by
The first term is zero since it can be reduced to a surface term (ξ t is constant). But, in order to cancel the second term, it is necessary to consider the quantum effects associated to the ingoing modes, given by,
One consequence of the equation (4) is the absence of covariance. In order to restore the covariance, is necessary to add a new energy-momentum tensor [18] ( see details in the appendix) such that,
The value of the constant a H is fixed by imposing that the covariant energy-momentum tensor is zero over the horizon (T r t (r H ) = 0). Following this procedure, we find a H :
Remark thatÑ r t (r H ) = −2N r t (r H ), since f (r H ) = 0. The equation (10) may be written as,
where κ = 1 2 ∂ r f | r=r H is the surface gravity. Using now the expression for the temperature of the black hole T H = κ/2π, we can express the flux of energy-momentum as,
The main point is the that the temperature term is essential to cancel the gravitational anomaly in the near horizon region.
In this section, the method has been exemplified for the case of a static black hole. However, it can be applied as outlined above, essentially without changes, to the case of rotating black holes, for which the space-time is not static but stationary. The reason is that the method is based on the reduction of the action to an effective two-dimensional action. In two dimensions, the original non-diagonal metric, which is symmetric, can be diagonalized, and the case of the rotating black hole can be recast in the structure developed above [25, 34] . This will be seen in details in sections IV and V.
The NAF Dilatonic black holes
The action describing the dilatonic field coupled to gravity and to a gauge field U (1) in 3 + 1 dimensions is given by,
where φ is the dilatonic field, F µν the U (1) gauge field, and α is a coupling constant. Static, spherically symmetric solutions in four dimensions, which are not necessary asymptotically flat, have been determined in reference [26] . Among these solutions there is the linear dilatonic case (α = 1), a static, spherical solution non asymptotically flat solution, described by the following expressions [26] :
In these expressions, b are r 0 are related to the mass and charge of the black hole:
Near the horizon the effective two-dimensional metric is given by,
This solution contains a gauge term. As for the pure gravitational system, now there is an anomaly in presence of gauge fields which is given by [24] ,
where J µ is the non-conserved four-current and A ν the electromagnetic potential. As it has been described in the pure gravitational case, we are interested in the outgoing modes only. We consider a charged scalar field living in the spacetime determined by the metric (19) . An energy-momentum tensor and a current are associated to this charged scalar field. The equation (20) must be solved in the two regions we are interested in:
• r > r H + δ, where the conservation laws are satisfied,
• r H < r ≤ r H + δ, where the anomaly appears,
Under an infinitesimal gauge transformation, after omitting the ingoing modes near the horizon, the effective action is,
where λ is the gauge parameter. As in the gravitational anomaly case, the current is the sum of the currents in the two regions,
where Θ H (r) = Θ H (r − r H − δ) and H(r) = 1 − Θ H (r). Using the equations (21) and (22), we find,
The first term is zero classically. But, in order to cancel the second term, it is necessary to take into account the quantum terms:
Again, as in the case of the energy-momentum tensor anomaly, the equation (20) does not transform covariantly. In order to restore the covariance, we must add a new current [16] :
In order to determine the value of the constant c H , it is required that the current (25) is zero near the horizon. Hence,
Substituting c H in the equation (24), we find the charge flux,
The potential given by the equations (17) and (18), is given by,
The charge flux is,
-Gravitational Anomaly: In presence of a current, even at classical level the energy-momentum tensor is not conserved:
Hence, taking into account all fields present in the action, computing the variation with respect S[g µν , A µ , ϕ, σ], taking into account the Ward's identities, we obtain the following expression for the variation of the energymomentum tensor after adding the gravitational anomaly term [24] :
The flux of the energy-momentum tensor is independent of the dilation field σ. It must be stressed that the space-time is static and that only the outgoing modes are taken into account. The equation (31) is solved, for ν = t, in the two relevant regions.
• In r > r H + δ,
• In r H < r ≤ r H + δ,
where the equations (22), (26) and (27) have been used.
Above, a 0 and a H are integration constants. Collecting all terms, the total energy-momentum tensor can be written as
whereT r t collects the constants contributions andT r t contains the terms that are r dependent.
Following the same steps as before, the anomaly part of the effective action is given by,
To cancel the anomaly, it is required that,
Equation (4) does not transform covariantly. In order to restore the covariance, a new energy-momentum tensor is added [18] :
Imposing that the covariant energy-momentum tensor (36) be zero on the horizon, the flux of the energy-momentum tensor (35) becomes,
Hence,
implying the temperature,
confirming the temperature found in [32] .
Case b = 0
This case represents the dilatonic vacuum |0, r 0 > which is given by the metric,
which also describes the geometry in the asymptotic limit (r → ∞) of the linear dilatonic case with b = 0. Remark that, in this case, the horizon coincides with the singularity. However, since the singularity is lightlike, it is still a true black hole: the signal emitted from the singularity reach an external observer in an infinite time. Hence, it is a black hole structure, not a naked singularity.
Computing the temperature via surface gravity for the metric (41), we find,
Using the coordinate transformation x = ln(r/r 0 ) and τ = t/r 0 [32] , the metric takes the form,
where Σ = r 0 e x/2 = rr 0 is a conformal factor. The linear dilaton vacuum is represented by a metric conformal to the product M 2 XS 2 , a two-dimensional Minkowski space-time, and a unitary two sphere.
The action of the scalar field takes the form,
Redefining the field ψ = Σ −1 Ψ,the action for the metric (42) takes the form,
This action represents free field, as shown in reference [32] , where there is no anomaly to be treated. Hence, there is no particle flux in this case. In fact, using expression (5), we find that N r t is, for this case, constant, and no anomaly appears. This result agrees with that exhibit in reference [32] , where the method of transmission/refection coefficients has been used.
The vacuum linear dilatonic case corresponds to a massless, but charged black hole. Moreover, as stated above, the horizon coincides with the singularity, but it is not a naked singularity since any signal sent from the horizon takes an infinite time to reach any external observer, as it happens with the usual event horizon. Due to all these properties, it constitutes a very exotic object, and it is not surprising that its thermodynamics is somehow ill defined, with a discrepancy for the temperature obtained from the surface gravity and from other methods, like the transmission/reflection coefficients and the anomaly method. In some sense, the vacuum linear dilatonic case has some similarity with extremal black holes from the thermodynamic point of view, which may explain the discrepancy between the surface gravity and the temperature obtained by the anomaly method. A computation using the Bogolioubov coefficients for the Reissner-Nordström extremal black hole has shown that perhaps the thermodynamics of these objects are ill defined, see reference [35] , and references therein. In the reference [36] , it has also been shown that the entropy of the extremal black hole may be zero, even when the horizon surface is infinite, revealing a discrepancy from the usual black hole entropy law. The existence of all these discrepancies reveals that the results obtained here for the vacuum linear dilatonic case is not so exceptional.
Linear dilaton black holes with rotation
In this section, we will consider again the linear dilatonic theory [27] , α = 1. In this case, the EMD theory is reduced to the heterotic string theory in 4D. In the linear dilatonic case, the EMD theory is a sector of a more general theory: the Einstein-Maxwell-dilatonic-axionic (EMDA) theory. This theory, with α = 1, admits a formulation in terms of the σ model. In this way, it can be found a metric with rotation, which is a generalization of the static metric with α = 1 studied in the previous section.
The metric [27] ,
represents the geometry in the linear dilaton case with rotation of the theory EMDA. In (44), we have
and from (44),
where Ω h is the angular velocity over the horizon, r ± the external and internal horizon, r
+ the stationary region limit, M = b/2 the mass of the black hole, determined by the quasi-local formalism, A the four potential and κ the surface gravity (44). Rotating black holes have a charge represented by the azimuthal quantum number m [25] .
Let us consider a charged scalar field in the space-time defined by the metric (44). The action of the charged scalar field, after expanded in the spherical harmonics and in the near horizon approximation, r = r + + δ, is given by,
In this expression, we have
To obtain the expression above, the angular part has been decomposed as follows:
The action takes then the form,
Employing the tortoise radial coordinate r * defined as,
the action becomes,
Near the horizon, r → r + ⇒ ∆ → 0, the expression for the action simplifies to:
After the expansion in spherical harmonics, the action reads,
The final expression for the action shows that, near the horizon, we have an effective two dimensional metric,
and from now on we can proceed as in the static case. From the considerations made above and from the quantum theory of a charged scalar field, we have
where m plays the of the topological U (1) charge for the two-dimensional field φ lm . As it happens in the Kerr-Newman metric [25] the potential is the sum of two terms: the first term comes from the electric charge r 0 , from the black hole electric field, and the second term is the gauge potential induced by the metric, associated to the symmetry of the background metric (44). The procedure to calculate the flux via anomaly is identical to the charged black hole, presented in the previous section.
Consider the conserved current:
For the anomaly part, we evaluate the two potentials, finding
which are the potentials related to the charge r 0 and the metric induced angular momentum a, respectively. From equation (27) , the charge flux generated by the charge r 0 , and angular momentum flux are,
respectively Finally, the equations for the anomalies given by (31)for the energymomentum tensor in the region r ∈ [r + , r + + δ], near the horizon, is given by
where F rt = ∂ r A t . J r , as defined before, satisfies ∂ r J r = 1 4π ∂ r A t . Applying the same method of the static case, the flux of the energy-momentum tensor is determined as,
The temperature is in agreement with the surface gravity given in the reference [27] .
If we set a = 0, the equations for the flux of charge (50) and of the energy-momentum tensor (53) become equations (29) for the charge flux and (39) for the energy-momentum tensor, for the static case studied in the previous section.
Topologically massive black holes
In 1982, Deser, Jackiw and Templeton [37] have introduced the Topological Massive Gravity, which is essentially the 3D General Relativity coupled to the Chern-Simons term. The action of this theory is,
where R is the Ricci scalar, Γ is Christoffel symbol, G is the Newton gravitation constant and µ the Chern-Simons coupling constant. The Chern-Simons term is also called the topological term, since it does not depend explicitly of the metric. On the other hand, this term makes appear a new dynamic degree of freedom: a particle of spin 2 and mass µ. A solution of this theory is given by the metric [28] ,
where r 2 = ρ 2 + 4ωρ + 3ω 2 + ρ 2 0 /3, ρ ± = ±ρ 0 are the internal and external horizons events, Ω H = 3/(2ρ 0 + 3ω) is the angular velocity over the horizon, g = −1 is the metric determinant and ω is an integration constant of the theory. The surface gravity is given by κ = √ 3ρ 0 /(2ρ 0 + 3ω). In the same way as in the previous section, we construct the action of the charged scalar field. Near the horizon is given by,
coefficients for quantum modes, metric euclideanization, transmission and reflection coefficients. In general, it is expected that all these methods lead to the same result. However, such complete equivalence in the computation of the Hawking temperature through different methods may not happen in two cases: extremal black holes and non-asymptotically flat black holes. One example has been given in reference [32] , where the surface gravity gives a finite temperature, but the transmission/reflection coefficients indicate a null result. In the present work we have exploited the method of gravitational anomaly to compute the temperature of non-asymptotically flat black holes. This anomaly is essentially related to the non-conservation of the energymomentum tensor in the quantum effective action.
We have shown the applicability of the method of calculation of the Hawking flux via the cancellation of the anomalies that appear near the event horizon, for non asymptotically flat dilatonic black holes and for topologically massive black hole in (1 + 2) dimensions. The temperature computed through the anomaly method agrees with the surface gravity expression, showing, in general, the robustness of the results. The only exception is the dilatonic vacuum case, where the anomaly method gives a zero temperature, while the surface gravity is finite. But, in this last case, there is an agreement with the computation using transmission/reflection coefficients, see reference [32] .
We can speculate if such methodology may shed light also in the entropy computation. We hope to address this problem in future works.
where ′ = d/dr. The Ward's identities for the covariant anomaly case is given by [29, 30] ∇ µT µ ν = F µνJ µ + ∂ µN µ ν .
Using equation (61) where it was used the condition thatT r t is zero over the horizon. Since the metric (19) is not asymptotically flat the termN r t (∞) is not zero. In this way, a flux of energy and momentum at infinity is defined: 
This confirms the equation (39) , showing the universality of the method of calculation of the Hawking temperature via anomalies. Hence, the covariant anomaly method allows also to cancel the anomalies near the horizon, as shown in references [30, 31, 39] .
